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On the Expansion of <f> (x -f- K). 
By A. W. Whitcom, M. D. 

Sheboygan Falls, Wisconsin. 



The object of this paper is the development of Taylor's formula, the devel- 
opment of the form of the functional coefficient of h (usually known as 6), in 
the remainder in that formula, and the development of the forms of 6 1} 2 . . . . 
as they appear in the equations (a)', (&)'. . . . 

Suppose <f>% and <f>'x to be finite and continuous functions for all values of x 
from x = x' to x = x' + mh, m being always positive, and either a constant, 
or a function of x and h of such form as to reduce to a constant when h = 0. 

Then will 

<£ (x' + mh) — <j>ocf 



mh 



= $ (x' + ffh), 



where ff is between and m. 

Let A and B be the algebraically greatest and least values of <f>'x for values 
of x between x' and x' + mh. 

Put 

(1) 
and 

(2) 
Then 



and 



both of which are positive for all values of x between x' and x' + mh, and 
consequently y and z are increasing functions for all values of x between x' 

and x' + mh. 



y = 


■■ Ax ■ 


— (j)X, 


z = 


'■ (f>X - 


- Bx. 


dx 


--A- 


- (j>% 


d« _ 
dx 


- <j>x 


~B, 



and 
Then 
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Let a; take each of the two values x' and x' + mh in both (1) and (2). Then 
y" = A(x' + mh) — (j> (x' + mh), 
z" = $ (x' + toA) — B (x + mA), 
2/' = -da;' — <£a/, 
z' = <f>x — Bx. 



y" — y' _ A _ <ft (x 1 + mA) — 4>x' a" — z' _ <f, (x 1 + mli) - <f>x' 

mh ~ ■&■ mh > and mh ~ mh B - 



Because y and z are increasing functions, and in is positive, y" — y' and z" — z 
are of the same sign as h, and the members of the last two equations are positive. 
Consequently ? ( x + m ) ~ $ x i s ] egs ^ an a an( j g rea ter than B, and therefore, 

by reason of the continuity of <f>x between A and B, is equal to some value of 
fix between A and B in which x has some value between %' and x' + mh. Let 
x' + ffh represent this value of x, ff being between and m. Then 

^ — <f, (x + ffh), 

or 

4> (x + h) = <j>x + mAf (a; + ffh), (3) 

which will hold true for all values of x and mh within the limits of those giving 
finite and continuous values in (f>x and <j>x. 

Differentiating (3) twice, regarding x as constant, and in the result putting 
A = 0, 

(m% = <f>"x = 2(mff) h ^ <j>"x. 

••■ (ff) h ~o = 2( m )» = o, and ff = % (m) h = + 0°, 

where 6° = when h = 0. These results obtain whether m be constant or 
variable. 

Since ff is always between and m, and m is always positive, and since ff 
reduces to the constant % (™)* = o when h = 0, ff, like m, is always positive, and 

either a constant, or reduces to one when h = 0. Hence, if <f>"x, <f>'"x <f> 2n % 

are finite and continuous functions the same as <f>x and fix, we can form the 
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following equations, in which ff' , ff" . . . . are, like m and ff, always positive, and 
either constants, or reduced, to constants when h = 0. 

<j> (x + mh) = cj>x + mh(j/ (x + ffh), (a) 

where ff is between and m ; 

f (x + ffh) = <f>' x + ffhtf (x + ff'h), ( b ) 

where ff' is between and ff ; 

<f>" (x + ff'h) = 4>"x + ff'htf" (x + 0"'A), (c) 

where ff" is between and ff' ; 



where fl 2 " is between and 2 " -1 . 
The same law that makes 

(ff)h = o=2( m )» = o.> 

also makes 

1 1 

(0")a = o = 2 (^)* = o = 2 1 ( m )ft = o> 

and in general, 

(0 a *)*=o= 2^(^=o- 

Let m = 1, and denote what ff, ff', ff". . . . become by 1} 2 , 6 S . . . . Then, 
<f> (x + h) = <j>x + h<f>' (x + ^ft), (a) 

where ^ is between and 1 ; 

$ (x + eji) = <f>'x + BJuj," (x + 2 A), (6) 

where 2 is between and Q x ; 

4>" (x + eji) = <f>"x + e 2 h<f>"x (x + eji), (c) 

where 6 S is between and 9 2 ; 



^—^jc + 2 „_^) = 0«— ^ + e 2n _ x h<t? n (x + 2n h), (d) 

where 2n is between and 2 »-i- 
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Further, if h = 0, then 

1 1 

(0l)ft = O = 2> (^2)ft = == 45 

(^3)4 = = 8 * ' * " \^2«)fc = o == 2 s * 

Forming the successive diff. co. of (3), regarding x as constant, and in the 
results putting h = 0, 

H-of» = W=i)f«- (4) 

K) ft = f s = 2 (m0% = f 'x . ( 5) 

6 (m d ^\$'x+{m*) h=Q <l>'"x = Q (f£) <f>"x + 6(m§) f x + 3(m^) A=0 f"x. (6) 

+ m (£ £)& + 12 (r £)# + u (- S).tt- + *« (•* S),t? 

+ 4(m^ 8 ) A=:0 f v a; . (7) 

20 (» S) fc f f + 60 (£ £?)£, + 30 («F g?)£* + 60 [ m (£)"]£, 
+ 20 (- 3 ^)i? + («')»=.* T » = 20 (* £?)£* + 60 (g g)£* 
+ 30 (^£)f> + 60[m(f ) 2 ]g + 20 (^J)£» + 5(^'%of» 

+ 60 (^ 2 !'),£> (8) 

30 (»%\f* + 120 (££),£* + 60 (rf t) A= e + 90 (£)jf« 
+ 360 (m g S) iff8 + 60 (rf '^) ft=e + 120 (g)>* 
+ 180 [» 2 (^?) 2 ] 7 £> + 30 (tf g)£z + (O^of^ = 30 (*%£)£* 
+ 120 (^ Sa)^ + 60 (^ 2 dA») A f « + 180 (^ 3a«; a £* 
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. „„~ / „, (Pm dO' \ ,,,, , „. / . m d 2 m\ , TV . , „„ / dm & S Q' \ ,,, 

+ sw(vwdi\£* + 60 V w) h £ x + 120 :(» «?)»£* 

+ 360 (^ ^ ^j£z + 360 [^ (sf) J£* + 360 (> ^ ^£* 
+ 30 (m g)^* + 120 (nff %\g* + 360 ( m f h %)£* 
+ 180 (*Pm)£* + 30 (V t ) A t> + 360 [mff {%)\fx 

+ 120 ( ffl f d £)Vf + 6 (m6") h ^ <t> vl x. (9) 

If in (4), (5), (6), (7), (8), and (9) we put m = 1, and write ft for #', we obtain 
the same results as when h = in the successive diffi co., with respect to h, 
of (a)'. Hence, 

fa = <f/x. (10) 

4>"x = 2{d 1 ) h= ^'x. (11) 

*"« = 6 (§) A + 3 (ft 2 ) ft=0 f *. (12) 

^ = 12 (S) *"* + 24 (ft §) f'x + 4 (ft 3 ) ft=0 <T*- (13) 

\ / h—0 \ /A=0 

* y * = 20 (S) 4 ff + 60 (* §)i? + 60 (f )V? + 60 (^ 2 S)i? 

+ 5(ft*) A = f^. (14) 

<T* = 30 (§)£, + 120 (ft §)£x + 360 (§ g)£x + 180 (ft 2 g)£* 

+ 360 [ft (S) 2 ]^ + 120 (^ §),£> + 6 W)»=o*^- (15) 



Similarly, 



'-^ 



<T* = 42 (§)£x + 210 (ft §)£, + 840 (j£ §)£'* + 420 (ft 2 §)g 
+ 630 ( § ) V* + 2520 ( ft § § ) ft £', + 840 ( § ) 3 # 



aj 



+ 1260 [ft 2 ( § ) 2 ]£x + 420 ( ft* § )£* + 210 ( ft* §)£* 



:0 



+ 7 (ft 6 ) A = ^ u x. (16) 
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Equation (a)' reduces to <j>x = <f>x, when A = 0, but its (Jiff, co., with respect 
to A, reduces to fix = fix, by (10). Hence by one differentiation with respect 
to A, h has been eliminated from one term in hfi (x + dji). Consequently one 
term in hfi (x + 6Ji) is hfix. 

Again : when h = 0, the second diff. co. of (a)' with respect to A, reduces to 

fi'x = 2 {8^) h=0 fi'x, by (11). Consequently by two differentiations with respect 

A 2 

to A, y has been eliminated from a second term in A^' (x + f^A), and a second 
term in that expression is 

j fi'x = ^[2 (6,)^ fi'x]. 

In like manner by three differentiations with respect to h, and in the result 
putting h = 0, (12) is obtained from (a)', where it is.plain g^g has been eliminated 
from a third term in hfi (x + 6Ji), and a third term in. in that expression is 

O f * = 2T5 [6 (§)£f + 3 WW"*]- 

Additional terms may be found in the same way from (13), (14) . . . ., and with 
the foregoing ones substituted for hfi (x + OJi) in (a)', giving 

4> (x + h) = <f>x + hfix + f fi'x + £%fi"x + |" <£' l x + (17) 

A" 
If, in(H), 7T fi 1 (x + 0A) denote the sum of all the terms in the right mem- 

ber after the first n, and again — R denote the sum of all the terms after the 

first m, m being any integer between n and 2 n, we can write the two equations 

f(x + A) = <f>x + hfix + jfi'x + 2 : zfi / 'x + .. . .^3i p-ix + ^ffrix + dh). (18) 
t£ (x + h) = $x -f Af x + 2 '<£"» + O .^ + • • • • to ^ + jSTi < A" + 1;;C 

h m ~ 1 h m 

From (18) and (19), 

A 12 Im — n 

By differentiating (18) w times, regarding x as constant, 

^ (x- + A) = ^ (x + 01) + nh *T (* + '*> + ^LfiLzJU? gg fc + ^ 
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From. (18), when n = 0, 

<f>(x + h) = j<l> o (x + 0h) = <f> o (x+0h), and 0=1. (22) 

Ifn = oo,then, by (20), 

<j> n (x + dh) = 4> n x, and = 0. (23) 

From (20) and (21) we find the quantity <£ M (aj + 0A) can never equal either 
<f> n (x + ^), or <£*x, unless » has such a value as to cause all the terms after the 
first, in the right members of (20) and (21), to vanish. 

This can only happen in (20) when n is infinite, and in (21) when n is zero. 
Hence for finite integral values of n, e is a positive proper fraction, or e is 
between zero and a unit. 

Differentiating (20), regarding x as constant, 

^+* (x + eh) + § h^ +1 (x + eh) = ~ p+*x + (w + 1 ) 7 ; w + 2) ^ +2 * 

^(n + l)(n + 2)(n + 3)9 - x ^ ' ' " (» + l) . . . . m M ^ (n + 1) (n + 2) . . . .m dh ( Z V 

In (24), when h = 0, 

(0)k = «4> n + 1 x = ^n<l> n + 1 x, and (^) ft=0 = ^n. (25) 

Continuing the differentiation of (24), regarding x as constant, and in the 
results putting h = 0, 

2 (S\£. +1 * + W-o^ 2 * = (»^H»W (26) 

i-(,fjft = 09> aJ ~(» + l)( B + 2)....(n + 4) \ A *) 

From (25) and (26), 

( d l\ - f 2 (" + !)-(» + g) \ /£^\ , OQ . 

Wft=o ~ v 2 (^ + 1) 2 - (» + 2) J v^ +i *; • W 

Again, from (27), by the aid of (25) and (29), 

(*1\ ( 2.3(n+iy-(n+2)(n+3) \ / > + «a: \ / 2(»+l)-(n+2) \ / 4T + *x \* 

\WJ h= ~_ \ 3(n+iy. (n + 2) (n+3) j l^ 1 ^ ~" ^ (« + l) 8 . (n + 2) J \<t>« + l xj- W 



Whitcom : On the Expansion of <f>(x + h). 351 

In like manner it may be shown, from (28), that 

/d?6\ __ / 2.3.4(w + l) 8 - (n + 2) (n + 3) (n + 4) \ / <j>« + i x \ ( 2.2, (n + 1) - 3 (n + 2) 
^dA*J ~ V 2 2 {n + l) 4 . (» + 2) (» + 3) (re + 4) J ^» + I as > ) ^ 2 (« + l) 4 . (w + 2) 

2.3 2 (w+l) 2 -3(w+2)(w+3) \ / <ft" +3 a: ^+^\ / 2 2 . 3 (w+l) 2 -2 2 . 3 (ra+1) (n+2) + 3 (w+2) 2 
+ 3(n+iy.(n+2)(n + 3) J ^ n+1 x ' <j> n+1 xj ~~ \ 2 2 («+l) 4 . (ra + 2) 2 "' 

2.3(»+l)-3(n + 2) \ /£^x\* 



(n + l) 4 .(» + 2) 



In the same way, the values of ( ^ j j \dJ?) • • • • ma y be found. 
From (25), $ = n , 1 + <f>, where cf> = when h = ; but by one differen- 
tiation with respect to A, and in the result putting h = 0, 

/d0\ /d+\ __ / 2(n+l)-(n + 2) \ / <T +2 » \ 

by (29). Consequently, by one differentiation with respect to h, h has been 
eliminated from one term in <f>, and also from a second term in 0. Hence, before 
differentiation, 

,,_ 1 |, /<»\ , ., _ 1 , x r 2(n + l)-(n + 2) AT^Nl , ,, 

* - n + 1 + A v^A=r<r ~ '^i 71 L 2(w + ^ o + 2) U" +l£C /J ^' 

where <£' and ( ^ ) both vanish when h = 0. Differentiating the last equation 
twice, regarding x as constant, and in the result putting h = 0, ( -rA ) 
= (^p) = the right member (30). Hence by two differentiations with 



A_ 2 
2 
in 0. Consequently, 



respect to h, _ has been eliminated from a term in <f>, and from a third term 



* - n + 1 T A V^ / ) /j J 2 \dh*) h J 9 -n + l^~ h \_\ 2(n+lf. (n+2) j V^"* 1 ^ 

A_ 2 r/ 2.3(w+l) 2 -(w+2)(w+3 )\ /£+^\ / 2(»+fj-(»+2) \ /#^£\ 2 ~| , ,„ 
+ 2 |_^ 3(»+l) 3 .(re+2).(»+3) j ^ n+1 a;y — ^ (n + \f. (n + 2) J \f + 1 x) J "•" 9 > 

where <j>", &-, and £-^! vanish when h = 0. In like manner additional, terms 
r dh ah? 

may be found, and the general form of 6 shown to be, 

- ^TT + * [dk) k + 2 \dh') h + 2.3 [W?) +• • • -|» - 1 VtfA-M + - * * - (d2) 
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where [dh ) '\3h*) h _ > are ex P ressible m terms <f> n + 1 x, cf> n + 2 x, <f> 2n x, 

as in (29), (30), (31). 

From (11), (12), (16), it may readily be shown that 

d0j\ _ 1 f^x 

to) h = ~2i<t>"x' ( 33 ) 

cT%\ _ 1_ tf*x _ ± /<l>'"xy 

dh Va = o~ 24 ^ 24 \<£"« J * ( 34 ) 

V^ A /ft = o~ 320 V' x 32 V' x $" x 192 \^" x ) ' ^^ 

d%\ 13^ ^x __ 43 ^ ^ , 7_ 4™x /<t>"'xy 1 (<^x\ 2 _ 3 f<f>'"x\i 

dll Jh=~ 480 ^" x ~ 480 ^ ^ 32 ^" <B V^"*/ 16 ^"V 32 (^^ ) ' ( 36 ) 

'A _ 19 4' YUx 31 ^x <f>'"x . WVx/V'xV* 55 <t> Iv x /<b'"x\* , 5 /<i Iv a;\2<t'"a: 



' 64 <£"* \4>"x J 108"^ \j>"x J ~*~W \^"^¥ ) ^ 



<2A 5 ) h=z0 896 <£"« 384 </>"« <j>»x ~ 64 <£"* \y« J 108 <£"a; ^"* i 16 1^ 4>"x J <t>"x 
384 <£"a; <£"* + 1152 ^"* j • ( 37 ) 



The value of 6 X may be found from those of 

/dffA f^A /^i\ 

in the same manner that the value of was derived from those of 



Hence 



or, 



fd_e_\ (<m\ 
\dk) k=0 > \d») k=0 > ■•■■ 

a -1 + ^-^1 + -^-^- V^Y1 + (W\ 

v i — 2 ^ a \_2± <t>"x J ^ 2 |_24 <j>"x 24 \<f>"x J J ^ • • • ' ' l d ° J 

1 . 7 /e?0A . h? /d%\ h s fd%\ , A" /rf"0A , ,„,,. 

* = 2 + * ^; 4 + 2 (^j A + o (^;+ - • • ■ is ^fJ + - • • •., (39) 



where 






^W^V 01 "/*^ 



are expressible in terms of <j>"x, <f>'"x, . . . . <j> n + 2 x. 

If in (5), (6), (7), (8) and (9) we write B x for m, & 2 for 6, and advance each 
order of diff. co. of x to the next higher, we obtain the same results as when 
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h = in the successive diff. co. with respect to A, of (&)', and these results by 
easy reductions give 

\dh) h = ~ 96 <j>'"x "•" 48 4>"x ' ( 40 ) 

d%\ _ J^ <fx_ 1 /j> Iv xy . 7 <f, iy x 1 /<ft w a:\2 

192 <#,'"« 192 \y'a: J "*" 288 </>"a: 48 ^"* J* (41) 



ft = 



dk * '* = o 



5120 <£'"a: 512 #"3 ^'"a; ~*~ 3072 \<j>"'x J + 1280 <£"a; + 768 ^ <£'"x 

119 dFx d>"'x , 11 /<f>'"x\ 3 , ^ 

^) ■ ( 42 ) 



2304 <j>"x <t>"x "t" 384 



From these values of f -^ j , ( ^ j ,...., we find 

_1 r 1 f^x 1 ^xl , A 2 r 1_ ^j« _ J^ /^*\ 2 _7_ 0^e _ £ /<ft"'a:\ 2 ~| 

^ ~~ 4 + ' l ]_% 4>'"a: + 48 <f>"x J + 2 [_192 <£"'a; 192 \^'"as J + 288 <j>"x 48 (^"» J J 

• +.... (43) 



or, 



a 1 _l r.f de *\ _i_ hWd%\ h' /d%\ h«/d%\, .... 

* = 4 + * (*) + 2 ^X+ 2T3 (55?) +o- • • • Tn (s=) +,- • • •> W 



where 



M Jh=o' ^ dKi '--"' ' " ' " ^ * 4 * 



are expressible in terms of <£"«, <£'"«, .... ^" + 3 £c, as in (40), (41), (42). 

If in (5), (6), (7), (8) and (9) we write a for m, 6 S for 9, f 'x for f x, <^ lv x for 
<f>"x, and so on, then reduce the results, we get 

dds\ J_ £x_ J^ jTx . 1 <fr'"a; 

dA A_„ — 384 </> lv a; + 192 $"'* "^ 96 <£"* ' ^ b > 



h = 



1 5^ ^ 
~ ir x 4>"x 



\^ A Va=o _ 1536 ^ IVx 1536^ lv a;J + 2304<j(,"'a; 384 \^'"a; J + 51Q <j>"x~^1152<j>' 

(46) 



1 /yxy 
m\4>"x 



From these values of ( -^ J , ( . ^1 J ,...., we find 

^3 = 8 +■* (dk)+ 2 (^) + o . • .-• £ (*r) + o - • • • (47) 
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(d9 \ /d 2 0, \ 

di) > ( dh? ) ' • • • • are expressible in terms of <$>"x, $"x, . . . . <f> n+i x, 

as in (45), (46). 

In general, it may be shown that 

1 , , fM«\ , h 2 /d 2 8 n \ . h s /d s n \ . A"- 1 /d"~ } 0, 



o*-2» + h \di) h ± 2 \w)+,2* v *' At.- • • • fe^i U A "- ; V»t„- • • • ' ( 48 > 

where (^f) j(^) ?•••• ( dh n ~" ) can De expressed in terms of <f>"x, 

<f>"x, . . . . (f> 2 "x, as in preceding cases. 

Eliminating $ (x + ^A), f (a; + 2 A), p- 1 (x + n _ 1 A) from (a)', (6)', 

. . . ., there results 

<f> (x + A) = <j>x + Af x + ^AY '» + 6M 3 <j>'"x +. . . . 0^,0,.. . • 0»-i A^O + W A). (49) 

Since 6> x contains A, A 2 , 7* 3 , .... as factors, and does not contain A in any other 
form, and since the same, holds true in the expressions giving the values of 2 , 
6 Z , . . . . , it is plain that (49) will contain A as a factor in the regular ascending 
integral powers, h, A 2 , A 3 , . . . . , and will not contain A in any other form, when 
1 , #2, • • . . are replaced by their values in terms of x and A. 
From (39), (44), (47), and (48), we readily find 

W x = A 2 f x [| + A (§) a + | (^) A + ^3 (sf) a=0 ] + terms con - 
taining A 6 , A 7 , (50) 

a W a; - A 3 <£ x [g + 4 (^ -dh)+ Q 8 [dh 2 + ~dMh + ^^) k= J + terms 
containing A 6 , A 7 , ... . (51) 

OiOzOshty^x = A 4 <£ Iv cc jg + 32 ( ^ + "^ + "$T ) "^ terms containing A 6 , 

A 7 , ' (52) 

0\6i0%0Jt'<l> Y x = Jf<f> Y x 2 ' 4 ' 8 ' 16 "^~ terms containing A 6 , A 7 , . . . . (53) 

In (50), (51), (52), (53), replacing the several diff. co. of 1 , 2 , .... by their 
values in terms' of a; and A, and substituting the results for 6-J?<f>"x, d^h 8 ^'"^, 
.... in (49), we get 



Whitcom : On the Expansion of (j>(x + h). 355 

,, . n , , ,,, , A 8 ,,, , 7i 8 .... , A 4 , IV h* (<b'"xy 11£ 5 , v Sh^Vx 11 Ifi U'"xY 

+ -8-^" a!+ 192^ ^+^^+768^ + 192 1^-192^ 

+ * aiv^ | » 4 (4>'"*) 2 | 7 ' 5 a t, , >" g^ + ?' 5 (»'"»)« 
-r 6i v * t 96 y, x T 3072 9 * -r 2304 ^„ x -r 1152 ^/^2 

■ h 6 v 7h s <f>'"x Ifi (<j)'"x y 

1024 * * + 1152 0"* 192 (0"x) a 

+ 708 ^."x 

+ 708 0"x 

+ 708 $"ie 

+ terms containing /r, «,...., 



768 


<i>"x 


A 5 


(<W 


1536 


$"x 


A 6 


(W 



+ 

"*" 1536 qt»"ar 

Uniting terms, 
<£ (« + 7i) = <£« + Te^'a; 4- tt <£"# + t^j $'"* + 2 3.4 ^ IVjc ~^~ 2.3.4.5 ^^ "^ * erms 



7 



containing 7i 6 , A 

By extending the work, it may be shown that <j> (x + h) = <f)X + h<f>x + -? <£"« 

7i s h" ' 

+• 2T3 <£"'* + • • • • ~z 4> n % + such terms in djptf'x, did<Ji s <l>"x, .... Q-fi % , .... 

n -ih n <j) u (x + dji) as contain A" + 1 , A n + 2 , . . . ., but no power of h less than h n +\ 

The sum of all the terms in the right member of the last equation, after the 

A" 
first n, may be denoted by —^ (j> n (x-\- 6h), giving (18), and the value of 6 

found as before. 



